We propose a new sequence of integral type operators, which is based on the Polya and the binomial distributions. Here we have considered the value f (0) explicitly. It is observed that such integral operators preserve only the constant functions. We establish some direct results for the new sequence of linear positive operators. In the last section, we propose the modified form and observe that the modified form provides better approximation in the compact interval .
Introduction
Lupaş and Lupaş [12] considered the following sequence of linear positive operators based on Polya distribution as
where the rising factorial is given as (x) n = x(x + 1)(x + 2)...(x + n − 1). Some approximation properties of these operators were discussed in [14] . Recently Gupta and Rassias [11] proposed the Durrmeyer type integral modification of the operators (1), by considering the weights of Bernstein basis functions. In [11] authors calculated the first three moments, which are essential for convergence point of view and observed that their operators reproduce only the constant functions. Gupta [8] proposed an open problems for the higher order moments in the form of recurrence relation. A solution is given by Greubel [6] using the generalized hypergeometric series. We now propose a different integral modification of the operators P
(1/n) n we have considered the function value at zero explicitly as follows:
1 0 p n−1,k−1 (t) f (t) dt + p
(1/n) n,0
where K n (x, t) = n n k=1 p
, with δ(t) being the Dirac delta function and
The basis function p
is derived from the Polya distribution with density function given by
and p n,k (t) is the Bernstein basis function which is the standard binomial distribution. Some approximation properties of certain other forms of the Durrmeyer type operators can be found in [1] , [3] , [13] , [17] and [9] etc.
In the present paper, we consider the operator (2) and obtain pointwise convergence, a Voronovskaja type asymptotic formula and the other direct results in local and global approximation.
Moment Estimation
In the sequel we need the following lemmas: Lemma 2.1. If we denote the r-th order moment by T n,r (x) ≡ D (1/n) n (e r , x) , e r (t) = t r , then
Proof. Using
where 3 F 2 is the generalized Hypergeometric function defined as
Applying the following recurrence relation, we have
.
which leads to the desired recurrence relation
Remark 2.2. By simple applications of Lemma 2.1, we have
Remark 2.3. By Remark 2.2, we immediately have after simple computation, the central moments as
In general, by the recurrence relation and using induction hypothesis, we have
Proof. From the definition of operator and Lemma 2.1, we get
Lemma 2.5. For n ∈ N, we have
Proof. By Remark 2.3, we have
which is desired.
Convergence Estimates
In this section, we present some convergence estimates of the operators D 
Moreover if the function f is uniformly continuous then we have
Let ε > 0 be given. By the continuity of f at the point x there exists δ > 0 such that f (t) − f (x) < ε whenever |t − x| < δ. For this δ > 0 we can write
It is obvious that
It remains to estimate I 2 . We can write
If we choose δ = 
which proves the theorem. The second part of the theorem is proved similarly. 
Proof. By Taylor's expansion of f, we have
where ε(t, x) → 0 as t → x. Applying D
(1/n) n on above Taylor's expansion and using Remark 2.3, we have
In order to complete the proof, it is sufficient to show that F = 0. By Cauchy-Schwarz inequality, we have
Furthermore, since ε 2 (x, x) = 0 and ε 2 (., x) ∈ C[0, 1], it follows that
uniformly with respect to x ∈ [0, 1]. So from (3) and (4) we get
Thus, we have
which completes the proof.
We begin by recalling the following K−functional:
where
and . is the uniform norm on C [0, 1] . By [4] , there exists a positive constant C > 0 such that
where the second order modulus of smoothness for f ∈ C [0, 1] is defined as
We define the usual modulus of continuity for f ∈ C [0, 1] as
Now we present direct local approximation theorem for the operator D
(1/n) n ( f, x).
Theorem 3.3. (Local Direct Result) For the operators D
(1/n) n , there exists a constant C > 0 such that
Proof. We introduce the auxiliary operators as follows:
Obviously by Lemma 2.4, one can observe that the auxiliary operators reproduce constant as well as linear functions. Let ∈ W 2 and t ∈ [0, 1] . Using Taylor's formula, we can write
Applying the above Taylor's formula to the operators D
, we have
On the other hand, from Remark 2.3, we have
Thus, by (6) and (7), we have
where x ∈ [0, 1]. Furthermore, by Lemma 2.4, we get
for all f ∈ C [0, 1] .
For f ∈ C [0, 1] and ∈ W 2 , using (8) and (9) we obtain
Taking infimum over all ∈ W 2 , we obtain
and by inequality (5), we get
so proof is completed.
Let f ∈ C [0, 1] and ϕ (x) = x(1 − x), x ∈ [0, 1]. The second order Ditzian-Totik modulus of smoothness and corresponding K−functional are given by, respectively,
where [5] that there exists a positive constant C > 0, such that
Also, the Ditzian-Totik modulus of first order is given by
where ψ is an admissible step-weight function on [0, 1] . Our last direct estimate is following global theorem in terms of weighted modulus of continuity. 
where C > 0 is a constant, ψ(x) = −x and ϕ (x) = x(1 − x).
Proof. We consider the auxiliary operators
By the definition of the operator D
(1/n) n and Lemma 2.4, we obtained the inequality (7) in the proof of Theorem 3.3 as
Moreover, δ 2 n is a concave function on
where v x := (n + 2 − 3n 2 )x 2 + nx(3n + 1) (n + 1) 2 (n + 2) . Now considering the above remark the similar claim is valid for the operatorsD 2 )x 2 +nx(3n+1) (n+1) 2 (n+2) ⇔ x ≥ 3n + 1 7n + 5 .
However, since 3n + 1 7n + 5 < 1 3 for any n ∈ N, the above inequalities yield that if x ∈ [16] introduced and studied q extensions of the Bernoulli, Euler and Genocchi polynomials, Mursaleem et al [15] constructed operators by means of q-Lagrange polynomials and studied the A-statistical approximation properties. In a very recent book Aral-Gupta-Agarwal [2] presented and studied the convergence of some q operators. For the operators (2), although it is easy to define the q analogue of the Bernstein basis function, but for the Polya basis function we are not able to define its q extension at this moment. We propose this for readers as an open problem.
